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Abstract Developing robust and automated protein structure determination algo-
rithms using nuclear magnetic resonance (NMR) data is an important goal in compu-
tational structural biology. Algorithms based on global orientational restraints from
residual dipolar couplings (RDCs) promise to be quicker andmore accurate than
approaches that use only distance restraints alone. Recentdevelopment of analytic
expressions for the roots of RDC equations together with protein kinematics has en-
abled exact, linear-time algorithms, highly desirable over earlier stochastic methods.
In addition to providing guarantees on the number and quality of solutions, exact al-
gorithms require a minimal amount of NMR data, thereby reducing the number of
NMR experiments, and the time and cost to perform them. Thesemethods deter-
mine the solution structures by explicitly computing the intersections of algebraic
curves representing discrete RDC values. However, if additional RDC data can be
measured, the algebraic curves no longer generically intersect. We address this sit-
uation in the paper and show that globally optimal structures can still be computed
analytically as points closest to all of the algebraic curves representing the RDCs.
We present new algorithms that expand the types and number ofRDCs from which
analytic solutions are computed. We evaluate the performance of our algorithms
on real experimental NMR data for three proteins: human ubiquitin, DNA-damage-
inducible protein I (DinI) and the Z domain of staphylococcal protein A (SpA). The
results show that our algorithms are able to successfully determine high-resolution
backbone structures from a limited amount of NMR data.
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1 Introduction

Understanding the structures of biologically important proteins is one of the long-
term goals in biochemistry. While automation has advanced many other aspects of
biology, three-dimensional (3D) protein structure determination remains a slower,
harder, and more expensive task. The speed at which protein structures are being
discovered today is, for example, several orders of magnitude slower than that of
gene sequencing.

Two established experimental approaches for protein structure determination are
X-ray crystallography and nuclear magnetic resonance (NMR) spectroscopy. While
crystallography can provide high resolution structures when good quality crystals
can be grown, NMR spectroscopy is the only experimental technique currently ca-
pable of measuring atomic-resolution geometric restraints and dynamics of proteins
in physiologically-relevant solution state conditions. This sets a challenging goal in
computational structural biology: design efficient automated structure determination
techniques that exploit geometric restraints collected using NMR.

Consider the interplay between the components of the structure determination
process: the time and cost of NMR data acquisition, the typesof NMR data and
their information content, the algorithmic complexity of the problem of computing
the 3D structure, and the accuracy of the obtained solution.To design successful
algorithms, all of the components must be taken into account.

There are several computational ways to approach the structure determination
problem by NMR that can be divided into three categories:stochastic search, sys-
tematic search, andexactalgorithms. The first category includes many widely-used
approaches [1, 2, 3, 4, 5, 6], which use stochastic search over possible structures,
scored according to their agreement with experimental data. These methods suffer
from well-known pitfalls, such as local minima, undersampling, non-convergence,
and missed solutions. While stochastic methods may perform adequately in data-
rich settings, collecting a large number of NMR data increases the time and cost of
the experiments, and still provides no guarantee on the quality of solutions.

The second category involves systematic grid search over possible structures [7,
8, 9, 10] and scoring according to the experimental data fit. Excessive computational
cost and undersampling due to insufficient resolution are the limitations of these
methods.

The development of sampling methodology was influenced by the computa-
tional complexity of the structure determination problem using thenuclear Over-
hauser effect(NOE) data. The recent introduction ofresidual dipolar couplings
(RDCs) [11, 12] has enabled novel attacks on the problem. In contrast to NOEs,
which represent local distance restraints, RDCs measure the global orientation of
internuclear vectors. While many RDC-based methods still use stochastic search
[13, 14, 7, 15, 16, 10, 17, 8] despite its pitfalls, exact approaches [18, 19] have re-
cently emerged. These methods explicitly represent the RDCequations as well as
protein kinematics in algebraic form to compute structuresthat optimize the fit to
the RDC data. The exact algorithms not only guarantee completeness and polyno-
mial running time, they also use a sparse set of RDC measurements (e.g. only two
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or three RDCs per residue in a protein), which allows significant reduction in the
cost of collecting experimental data.

These methods determine the solution structures by explicitly computing the in-
tersections of algebraic curves representing discrete RDCvalues and protein kine-
matics [18, 19]. However, if additional RDC data is measured, the algebraic curves
representing the RDCs no longer generically intersect. Even though collecting addi-
tional experimental data may improve convergence of stochastic structure determi-
nation methods, development of efficient new exact methods is necessary to handle
this scenario. In this paper, we present algorithms that expand the types and number
of RDC data from which analytic solutions are computed. When additional orien-
tational restraints can be collected, the globally optimalstructures are calculated
as points closest to all of the algebraic curves representing the RDC constraints.
Therefore, the structures that optimally agree with the collected experimental data
are determined analytically.

Moreover, with additional RDC data our algorithms can compute structures of
loops, more challenging regions in a protein for structure determination compared
to secondary structure elements, such asα-helices andβ -sheets. Loops increase
computational complexity of the exact algorithms, due to the fact that there is less
physical constraints on the structures that are possible for loops to assume, as is
reflected in their Ramachandran statistics [20]. Therefore, we expand the domain
of applicability of exact algorithms to structure determination problems which only
stochastic methods could handle before. This provided the benefits of analytic solu-
tions in a new and important domain.

In summary, the following contributions are made in this paper:

• We present a general framework for computing protein backbone structures from
sparse RDC measurements.

• We describe new algorithms that handle two particular typesof RDC data: two
RDCs per residue in one or two alignment media, and multiple RDCs per residue
in multiple media.

• We present the analysis of our methods in terms of the number of optimal struc-
tures the algorithm produces.

• We evaluate the performance of our methods on four differentexperimental NMR
data sets recorded for three proteins: human ubiquitin, DNA-damage-inducible
protein I (DinI) and the Z domain of staphylococcal protein A(SpA).

We start with the background on RDCs in Section 2. We formallydefine the
protein structure determination problem in Section 3. Section 4 presents the general
framework for our exact algorithms, as well as detailed explanations of the methods
that handle two different types of RDC data (Sections 4.1 and4.2). We present the
study of the performance of our methods in Section 5 and conclusions in Section 6.
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Fig. 1: For an internuclear vectorv between two NMR-active nuclear spinsa andb, and a vector
representing the gradient of the magnetic fieldB, an RDC experiment detects the interaction be-
tween the nuclear spins. This interaction is dependent on the internuclear distancer3

a,b as well as
the angleθ between vectorsv andB.

2 Background

The Physics of RDCs.During an NMR experiment, a protein in solution is placed
in a static magnetic field. The magnetic field interacts with the nuclear spins of
atoms of the protein, which allows collecting various NMR measurements.

Consider a vectorv between two NMR-active nuclear spins,a and b, of two
atoms, and a vector representing the gradient of the magnetic fieldB in Figure 1. An
RDC experiment detects the interaction between the nuclearspins. This interaction
is measured in units of Hertz and can be expressed as

D =
µ0γaγbh̄

4π2
〈

r3
a,b

〉

〈

3cos2 θ −1
2

〉

, (1)

in whichD is the residual dipolar coupling measurement,µ0 is the magnetic perme-
ability of vacuum,h̄ is the reduced Planck’s constant,γ is the gyromagnetic ratio,
ra,b is the distance between the two spins,θ is the angle between the internuclear
vector,v, andB. The angle brackets represent an average over time and an ensemble
of proteins in solution.

Intuitively, as the protein tumbles in solution, the internuclear vector tumbles
with the protein. The RDC measurement represents the time average over such
movements. This measurement is of little use if the protein tumbles freely (isotropi-
cally), since the average is zero and hence no RDC value is detected. An anisotropic
solution is used to constrain the motions of the protein by adding analignment
mediumto the solution. The resulting RDC measurement represents the relation-
ship between the internuclear vector and the set of parameters associated with the
alignment medium, known as theSaupe matrix[21], or alignment tensor.

The Tensor Formulation of the RDC Equation. A more convenient form of
the RDC equation (1) for computing the geometric structure of a protein can be
obtained after a series of algebraic manipulations [18, 19]:

D = DmaxvTSv, (2)
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Fig. 2: The RDC sphero-quartic curves in the principal order frame for the alignment tensor
(Sxx,Syy,Szz). The unit internuclear vectorv that satisfies the RDC equation (4) is constrained
to the sphero-quartic curves on the unit sphere.

in which Dmax is the dipolar interaction constant,v is the unit internuclear vector,
andS is the Saupe matrix [21] corresponding to the alignment medium used in the
NMR experiment.

To derive Equation (2) from (1), a transformation to themolecular coordinate
frameassociated with the protein internuclear vectorv is made [18, 19]. In such
coordinate frame,v is static, and the magnetic field vector,B, tumbles aroundv.
The time and ensemble average over such tumbling ofB is represented as the Saupe
matrix, which we define in the next subsection.

Note that Equation (2) directly relates an RDC value to the orientation ofv in the
molecular coordinate frame. A sufficient number of such equations allows computa-
tion of all internuclear vector orientations in a protein with respect to the molecular
coordinate frame. In the rest of the paper, by denotingr = D/Dmax, we will work
with thenormalizedRDC equation:

r = vTSv. (3)

Alignment Tensors.The Saupe matrix in Equations (2) and (3) is a 3×3 sym-
metric and traceless matrix. It contains 5 degrees of freedom, 3 of which correspond
to a 3D rotation, and 2 are eigenvalues.

Each alignment tensor can be diagonalized asS= RTŜR, in whichR is a 3D rota-
tion matrix, and the traceless diagonal matrixŜhas eigenvalues(Sxx,Syy,−Sxx−Syy).
Then, the RDC equation (3) becomes

r = Sxxx
2 +Syyy

2 +Szzz
2, (4)
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Fig. 3: Protein geometry. Two peptide planes P(i) and P(i+1) and the atoms of the corresponding
residuei are shown. Two torsional degrees of freedom of the backbone arerepresented by dihedral
anglesφ andψ.

in which Rv = (x,y,z), andSzz = −Sxx−Syy. The coordinate frame that diagonal-
izes the Saupe matrix is called theprincipal order frame (POF)of the alignment
medium.

To design exact algorithms, we are interested in algebraic representations of solu-
tions. Figure 2 shows the solutions to the RDC equation for(x,y,z) assphero-quartic
curves on a sphere in the principal order frame. These curvesare the intersection of
the unit spherex2+y2+z2 = 1 for v and a hyperboloid representing the RDC equa-
tion (4).

Protein Geometry and Assumptions on Dynamics.A protein is modeled as a
collection of peptide planes. Each peptide plane contains the bond vectors: Cα -C′,
C′-N, C′-O, N-HN and N-Cα . Peptide planes are joined through the bond vectors
N-Cα and Cα -C′, with two torsional degrees of freedom.Dihedral angles, φ andψ,
parametrize these joints (see Figure 3). The bond vectors Cα -Hα and Cα -Cβ do not
belong to peptide planes and form a fixed tetrahedral geometry with both N-Cα and
Cα -C′. Often, it is convenient to divide a protein intoresidues. Most of the residues
(excluding glycine and proline with slightly different geometry) contain consecutive
atoms H, N, Cα , Hα , Cβ , C′ and O, as shown in Figure 3. Thebackboneof a protein
is a sequence of repeating Cα , C′, and N atoms.

There exist NMR techniques to measure RDCs on the Cα -Hα , Cα -C′, Cα -Cβ ,
N-HN, and C′-N bond vectors as well as on C′-HN internuclear vector.

Crucial assumptions about thedynamicsof the protein are often necessary to
solve for the large number of unknown variables in RDC equations. Initially, nei-
ther internuclear vectorsv nor Saupe matricesS are known in the structure deter-
mination process. The assumption that the protein dynamicsfluctuate in a small
ensemble about one principal mode, that is, the protein is more or less rigid, leads
to a simplified dynamics model in which the gradient vectorB of the magnetic field
is assumed to tumble similarly with respect to each internuclear vector. We work
with this model, because it is applicable to many proteins. However, when the pro-
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φ -defining Cα -Hα , Cα -C′, Cα -Cβ

ψ-defining N-HN, C′-N, C′-HN

Table 1: Aφ -defining RDC is used to compute the backbone dihedralφ , and aψ-defining RDC is
used to compute the backbone dihedralψ.

tein is known to be more flexible in solution, additional parameters representing this
flexibility need to be integrated into the model.

3 The Protein Structure Determination Problem

The protein structure determination problem that we consider in this paper is: given
sparse RDC data for a protein, determine the alignment tensor(s) and dihedral angles
of the backbone that produce the best fit to the experimental data as well as represent
a valid protein model.

Sparse RDC data.We consider the case of experimental data, containing as
few as two RDCs per residue in one or two media. To ease the presentation of
our methods, we differentiate between RDC measurements based on their location
within a residue. Denote RDC measurements on internuclear vectors Cα -Hα , Cα -C′,
and Cα -Cβ asφ -definingRDCs, and N-HN, C′-N, and C′-HN asψ-definingRDCs
(Table 1). In this paper we design exact algorithms for the following types of RDC
data:

• Oneφ -defining RDC and oneψ-defining RDC per residue in one or two media.
• Multiple φ -defining RDCs and multipleψ-defining RDCs per residue in one or

more media.

Data fit. The data fit function that we use is RDC root mean square devia-
tion (RMSD). DenoteSj , j = 1, . . . ,m, all of the alignment tensors involved, and
φi ,ψi , i = 1, . . .n, the dihedral angles for residues 1 throughn in the protein back-
bone. The RDC RMSD for given alignment tensors and dihedral angles is computed
using the equation:

σ({Sj}
m
j=1,{φi ,ψi}

n
i=1) =

√

√

√

√

1
l

l

∑
k=1

(rb
k − re

k)
2 (5)

in which l is the total number of RDCs for all residues,re
k is the experimental RDC,

andrb
k is the RDC value back-computed from the alignment tensors and the structure

defined by the dihedral angles computed using Equation (3).
Validation. To ensure that the solution structure is biologically meaningful, we

validate it according to two criteria: Ramachandran regions [20], and van der Waals
packing [22].

Next we proceed to the methods which solve the protein structure determination
problem defined in this section.
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4 Methods

The key to our methods is the use of explicit representation of the protein kinematics
incorporated into the RDC equations.

At this point, it is useful to introduce several notations. Without loss of gen-
erality, we choose the principal order frame ofS1 (POF1) as the global coordinate
frame. Within this coordinate frame,S1 is diagonal, with eigenvaluesS1,xx, S1,yy, and
(−S1,xx−S1,yy). We denote the diagonal components of any other alignment tensor,
Sj , asSj,xx andSj,yy. R j,O denotes the orientation of the principle order frame of
alignment tensorSj in POF1.

Within a protein fragment, there will be several coordinateframes associated with
different internuclear vectors in the portion, and relatedto each other through the
protein kinematics. Our algorithm keeps representations of these frames in POF1.

Consider a coordinate frame defined at the peptide planePi with z-axis along the
bond vector N(i) → HN(i) of residuei, in which the notationa→ b means a vector
from the nucleusa to the nucleusb. They-axis is on the peptide planei and the angle
between they-axis and the bond vector N(i)→ Cα(i) is 29.14◦ as described in [18].
The x-axis is defined based on right-handedness. LetRi,P denote the orientation
(rotation matrix) ofPi with respect to POF1. Then,R1,P denotes the relative rotation
matrix between the coordinate system defined at the first peptide plane of the current
protein portion and the principal order frame of the alignment tensorS1. We call it
theorientation of the first peptide plane.

The outline of our algorithm is shown in Figure 4. It proceedsin three main steps.
First, the diagonal and rotational components ofS1, . . . ,Sm are computed. Next, the
orientation of the first peptide plane,R1,P, is computed. Once these are known,
a branch-and-bound tree search computes dihedrals of the protein backbone. It is
based on the systematic search over all of the solutions for the system of RDC
equations together with the kinematic equations that relate two internuclear vectors
in the protein. The branch-and-bound search involves different computations for
different types of data. We cover these differences in details in Sections 4.1 and 4.2.
We describe the computation of alignment tensors and the orientation of the first
peptide plane in Section 4.3.

4.1 Exact Solutions for Peptide Plane Orientations from One
φ -defining RDC and Oneψ-defining RDC

In this section, consider the case of experimental RDC data that only contains oneφ -
defining and oneψ-defining RDC measurement per residue. This covers, for exam-
ple, the case of having RDC measurements for Cα -Hα , and N-HN in one medium. It
also covers having Cα -Hα RDC in one medium and N-HN RDC in second medium.

Our algorithm usesRi,P to deriveRi+1,P inductively after it computes the back-
bone dihedral anglesφi andψi . Ri+1,P, in turn, is used to compute the dihedrals of
the(i +1)st peptide plane.
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STRUCTURE DETERMINATION(D)
Input: D, experimental RDC data for a protein portion(P1, . . . ,Pn)
Output:Valid structures that best fit the data

Compute alignment tensorsS1, . . . ,Sm

Compute orientation of the first peptide planeR1,P

Call BRANCH-AND-BOUND (S1, . . . ,Sm, R1,P)

BRANCH-AND-BOUND (S1, . . . ,Sm, Ri,P)
Input: Global orientation of the coordinate frame for the current internuclear vector,
the RDC data for the next internuclear vector, and the alignment tensor(s)
Output:Those branches of the tree that represent valid structures and best fit to the
experimental data
Branch: Use methods from Sections 4.1 and 4.2 to solve RDC equations.

Each solution is a child node.
Bound: Prune invalid children nodes based on:

RDC RMSD, Ramachandran regions, and van der Waals packing
Recurse:Compute global orientation of the coordinate frame for eachvalid

child node,Ri+1,P, call BRANCH-AND-BOUND (S1, . . .Sm, Ri+1,P)

Fig. 4: The outline of our algorithm. First, the algorithm computes alignment tensorsS1, . . . ,Sm.
Next, the orientation of the first peptide plane is computed. Once these are known, the branch-
and-bound tree search computes the structure of the protein. Itis based on the systematic search
over all of the solutions for the system of RDC equations together with the kinematic equations
that relate two internuclear vectors in the protein. Different types of RDC data require different
branch-and-bound search. We cover these differences in Sections 4.1 and 4.2.

Proposition 1 Given the diagonalized alignment tensor components S1,xx and S1,yy,
the orientation of the ith peptide planeRi,P, and aφ -defining RDC, r, for the corre-
sponding internuclear vector,v, there exist at most 4 possible values of the dihedral
angleφi that satisfy the RDC. The possible values ofφi can be computed exactly and
in closed form by solving a quartic equation.

Proof. Let the unit vectorv0 = (0,0,1)T represent the N-HN bond vector of residue
i in the local coordinate frame defined on the peptide planePi . Let v = (x,y,z)T

denote the internuclear vector for theφ -defining RDC for residuei in the principal
order frame. We can write the forward kinematics relation betweenv andv0 as

v = Ri,P Rl Rz(φi) Rr v0, (6)

in which Rl andRr are constant rotation matrices that describe the kinematicrela-
tionship betweenv andv0. Rz(φi) is the rotation about thez-axis byφi .

Let c and s denote cosφi and sinφi , respectively. Using this while expanding
Equation (6) we have

x = A0 +A1c+A2s, y = B0 +B1c+B2s, z= C0 +C1c+C2s, (7)

in whichAi ,Bi ,Ci for 0≤ i ≤ 2 are constants. Using Equation (7) in the RDC equa-
tion (4) and simplifying we have

K0 +K1c+K2s+K3cs+K4c2 +K5s2 = 0, (8)
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in whichKi , 0≤ i ≤ 5 are constants. Using half-angle substitutions

u = tan(
φi

2
), c =

1−u2

1+u2 , ands=
2u

1+u2

in Equation (8) we obtain

L0 +L1u+L2u2 +L3u3 +L4u4 = 0, (9)

in which Li , 0≤ i ≤ 4 are constants. Equation (9) is a quartic equation which can
be solved exactly and in closed form. Let{u1,u2,u3,u4} denote the set of four real
solutions (at most) of Equation (9). For eachu value from the set, we can compute
the correspondingφi value by usingatan2 function. ⊓⊔

Proposition 2 Given the diagonalized alignment tensor components S1,xx and S1,yy,
the orientation of the ith peptide planeRi,P, the dihedralφi , and aψ-defining RDC,
r, for the corresponding internuclear vector,v′, on the peptide plane Pi+1, there
exist at most 4 possible values of the dihedral angleψi that satisfy the RDC. The
possible values ofψi can be computed exactly and in closed form by solving a
quartic equation.

Proof. After representing the internuclear vectorv′ throughv0 using protein kine-
matics:

v′ = Ri,P Rl Rz(φi) Rr R′
l Rz(ψi) R′

r v0, (10)

the proof is similar to that in Proposition 1, since the valueof φi is known. ⊓⊔

Proposition 3 Given the diagonalized alignment tensor components, the orienta-
tion of the ith peptide planeRi,P, a φ -defining RDC and aψ-defining RDC forφi

andψi , respectively, there exist at most 16 orientations,Ri+1,P, of the peptide plane
Pi+1 that satisfy the RDCs.

Proof. This follows from the direct application of Propositions 1 and 2. ⊓⊔

Proposition 4 Given the diagonalized alignment tensor components S1,xx and S1,yy

for medium 1, S2,xx and S2,yy for medium 2, a relative rotation matrixR2,O, the orien-
tation of the ith peptide planeRi,P, a φ -defining RDC in medium 1 and aψ-defining
RDC in medium 2 forφi and ψi , respectively, there exist at most 16 orientations,
Ri+1,P, of the peptide plane Pi+1 that satisfy the RDCs, which can be computed
exactly and in closed form by solving two quartic equations.

Proof. It follows the proof of Proposition 3, once the transformation to the principal
order frame of medium 2 is made byv′ = R2,Ov to compute the value of the dihedral
angleψi . ⊓⊔

4.2 Exact Minima for Peptide Plane Orientations from Multiple
φ -defining RDCs and Multipleψ-defining RDCs.

Now, consider the case when additional RDC data has been collected, and more than
oneφ andψ-defining RDC measurements are available in one or more media. This
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covers, for example, the case of having RDCs for Cα -Hα , Cα -C′, N-HN, and C′-N
in one medium. It also covers the case of having Cα -Hα and N-HN RDCs in two
media.

Proposition 5 Given the diagonalized alignment tensor components Sj,xx and Sj,yy,
the rotations between principal order frames,R j,O, the orientation of the ith peptide
planeRi,P, and multipleφ -defining RDC for the corresponding internuclear vector
v of residue i, the global minimum of the RDC RMSD function forv can be computed
exactly. There exist at most 4 possible values of the dihedral angleφi that minimize
the RDC RMSD function, and such values ofφi can be computed exactly.

Proof. Let l be the number of RDC equations available for the internuclear vector
v. The RDC RMSD function forv is a univariate function ofφ :

σ(φ) =

√

√

√

√

1
l

l

∑
k=1

(rb
k − re

k)
2 (11)

in which rb
k is the back computed RDC value,rb

k = vTSjv, for the appropriate align-
ment mediumSj . Similarly to the proof of Proposition 1,v can be represented as

v = Ri,P Rl Rz(φi) Rr v0. (12)

After denoting cosφi and sinφi asc ands, respectively, Equation (12) becomes

x = A0 +A1c+A2s, y = B0 +B1c+B2s, z= C0 +C1c+C2s, (13)

in whichAi ,Bi ,Ci for 0≤ i ≤ 2 are constants. Substitutingx,y, andz into each RDC
term of Equation (11) and using half-angle substitutions weobtain:

σ(u) =

√

√

√

√

1
l

l

∑
k=1

(L0 +L1u+L2u2 +L3u3 +L4u4)2 (14)

in whichLi , 0≤ i ≤ 4 are constants.
Equation (14) defines a univariate function ofu that can be minimized exactly.

Let {u1,u2,u3,u4} denote the set of four minima (at most) of Equation (14). For
eachui , we can compute the correspondingφi value by usingatan2 function. ⊓⊔

Proposition 6 Given the diagonalized alignment tensor components Sj,xx and Sj,yy,
the rotations between principal order frames,R j,O, the orientation of the ith peptide
planeRi,P, the dihedralφi , and multipleψ-defining RDCs for the corresponding
internuclear vectorv′ on peptide plane Pi+1, the global minima of the RDC RMSD
function forv′ can be computed exactly. There exist at most 4 possible values of the
dihedral angleψi that minimize the RDC RMSD function, and such values ofψi can
be computed exactly.

Proof. The proof is similar to that in Proposition 5, after the transformation as in
Proposition 2 is used.⊓⊔
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Proposition 7 Given the alignment tensors{Sj}
m
j=1, the orientation of the peptide

plane Pi , multipleφ -defining RDC and multipleψ-defining RDC forφi andψi , re-
spectively, there exist at most 16 orientations of the peptide plane Pi+1 with respect
to Pi that minimize the RDC RMSD functions for each of the internuclear vectors.

Proof. This follows from the direct application of Propositions 5 and 6. ⊓⊔

Note that the case of data described in this section allows comparing RDC RMSD
for different branches of the search tree. This enables reducing the size of the search
tree by pruning the branches based on RDC RMSD, which was not possible for
the data described in Section 4.1 since RDC RMSD was always 0.Pruning based on
Ramachandran regions and steric clashes alone is not alwaysenough to compute the
structures of protein loops. We show that pruning based on RDC RMSD promises
to allow computation of loops in Section 5.

4.3 Computation of the Alignment Tensors and the Orientation of
the First Peptide Plane

In our current implementation we use the approach describedin [19, 18] to compute
alignment tensor(s), by using the SVD [23] approach to fit given RDC data to the
corresponding vectors of anα-helix with ideal geometry. After that, the alignment
tensor(s) are iteratively refined by using the structures ofthe helix computed by
the exact algorithms explained in this section. We currently use uniform samples
over rotation matrices to obtain the orientation of the firstpeptide plane in a protein
fragment that result in structures with the best fits the RDC data. For certain types
of RDC data, however, the orientation of the first peptide plane in a fragment can be
computed analytically, which we plan to incorporate in our future work.

The resulting running time complexity of our algorithms is linear, and the analy-
sis is similar to [19]. We use a divide-and-conquer approachin which the protein is
first divided intoO(n) fragments of constant length based on their secondary struc-
ture type (α-helix, β -sheet, loop), and the algorithms described above are applied
to determine the orientations and conformations of these fragments. The fragments
are assembled using a sparse set of distance restraints (NOEs).

5 Results

We have implemented our algorithms in a software calledRDC-ANALYTIC . Table 2
shows the results of the application ofRDC-ANALYTIC on datasets for human ubiq-
uitin (the X-ray structure has PDB id: 1ubq [24], DNA-damage-inducible protein I
(DinI, PDB id: 1ghh [26]) and Z-Domain of Staphylococcal Protein A (SpA, PDB
id: 1q2n [27]). For these proteins, the experimental NMR data has been taken from
the Biological Magnetic Resonance Data Bank (BMRB). For ubiquitin, our pro-
gram estimates the alignment tensors for different sets of RDCs and computes the
helix (Ile23-Lys33) conformations. The results show that the alignment tensor com-
ponents computed from different sets of RDCs in one medium ortwo media agree
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Protein RDCsa used & Alignment Tensor Backbone RMSD (̊A)
RMSD (Hz) (Syy,Szz) vs. X-ray/NMR structure

Ubiquitin Cα -Hα : 0.817, N-HN: 0.227 14.195, 25.213 0.429
α:23-33 Cα -C′: 0.036, N-HN: 0.243 15.002, 24.771 0.430

Cα -C′: 0.033, C′-N: 0.026 15.485, 25.566 0.239
Ubiquitinc,d Cα -Hα : 1.11, N-HN: 0.740 15.230, 24.657 1.276

α:23-33 Cα -C′: 0.129, N-HN: 0.603 14.219, 25.490 1.172
β :2-7, 12-17, 41-45, 65-70

DinIc,d

α:18-32,58-72 Cα -C′: 0.483, N-HN: 1.203 10.347, 33.459 1.111
β :2-8, 39-44, 49-53

SpAd (run1) Cα -Hα : 0.458,N-HN: 2.11 8.008, 23.063 1.063
α:8-17, 24-36, 41-54 (run2) Cα -Hα : 0.678,N-HN: 0.543 8.146, 24.261 1.577

b(run3)Cα -C′: 1.237,N-HN: 1.049 7.676, 22.961 0.834
Ubiquitin α:25-31 2xCα -Hα : 0.93, 2xN-HN: 0.32 16.9, 23.2; 7.0, 52.4 0.403

loop:54-58 2xCα -Hα : 2.2, 2xN-HN: 0.7 16.9, 23.2; 7.0, 52.4 0.409
loop:59-64 2xCα -Hα : 1.9, 2xN-HN: 1.2 16.9, 23.2; 7.0, 52.4 0.652

loop/β :64-70 2xCα -Hα : 3.1, 2xN-HN: 1.2 16.9, 23.2; 7.0, 52.4 0.49
β :2-7 2xCα -Hα : 2.6, 2xN-HN: 1.4 16.9, 23.2; 7.0, 52.4 0.64

β :11-17 2xCα -Hα : 2.6, 2xN-HN: 1.5 16.9, 23.2; 7.0, 52.4 0.50
β :41-45 2xCα -Hα : 2.2, 2xN-HN: 0.8 16.9, 23.2; 7.0, 52.4 0.44

Table 2:Results of RDC-ANALYTIC . (a) Experimental RDC data for ubiquitin (PDB id: 1d3z),
DinI (PDB id: 1ghh) and SpA (PDB id: 1q2n) are taken from the Biological Magnetic Resonance
Data Bank (BMRB). The SSE backbones are computed for different combinations of RDCs in one
medium. For ubiquitin the computed SSEs are compared with both the X-ray structure (PDB id:
1ubq) and the NMR structure (1D3Z, Model 1). For DinI and SpA, since only the NMR structures
are available, we compare our SSEs with Model 1 of the respective ensemble. (b) Simulated RDCs
from 1Q2N Model 1 is used. (c) Simultaneous structure computation and assembly ofβ -strands
into β -sheets of ubiquitin and DinI are done using 13 and 6 NOEs, respectively, which involve
only amide and methyl protons obtainable using 1H-13C-ILV methyl labeling. (d) For ubiquitin,
DinI and SpA we used 5, 10 and 10 Cα -Cα distance restraints, respectively, to pack the SSEs and
obtain the maximum likelihood backbone folds.

fairly well with each other and with that computed from ubiquitin NMR structure
(PDB id: 1d3z). As summarized in Table 2, the backbone RMSDs of the helices
compared to the X-ray structure (PDB id: 1ubq) are small. Figure 6 shows the over-
lay of our computed helices and the X-ray structure. The global folds of ubiquitin,
DinI and SpA computed from different sets of RDCs and sparse sets of NOEs are
shown in Figure 5. The results are summarized in Table 2. For ubiquitin and DinI
we used sparse sets of NOEs which involve only amide and methyl protons from
1H-13C-ILV methyl labeling. We also used Cα -C′ and N-HN RDCs for these two
proteins. For ubiquitin, the backbone RMSDs between the structures computed our
algorithm and the reference structures(Model 1 of 1d3, and 1ubq) is< 1.28Å. For,
DinI we computed the backbone fold using Cα -C′ and N-HN RDCs. When overlaid
on the reference structure (Model 1 of 1ghh) the backbone RMSD was 1.11Å.

For SpA we performed three trial runs of our program. In the first two runs,
we used Cα -Hα and N-HN RDCs and selected different sets of parameters. For
the first trial run the backbone fold computed by our algorithm is within 1.1 Å
of the reference structure (Model 1 of 1q2n). For the second trial run we used a
narrow sampling interval for N-HN RDCs, and as a result the N-HN RDC RMSD
of the structure computed was better than that for the structure computed in the
first trial run. However, when we packed the SSEs computed from the second run
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Fig. 5: Left: The global folds of ubiquitin (1A), DinI (2A) and SpA (3A), computed byRDC-
ANALYTIC , using Cα -C′ and N-HN RDCs and a sparse set of NOEs. For ubiquitin and DinI ex-
perimental Cα -C′ and N-HN RDCs are used. For SpA simulated Cα -C′ and N-HN RDCs are used.
Right: (1B) Overlay of the ubiquitin global fold (green) computed byRDC-ANALYTIC with the
X-ray structure (red). The backbone RMSD is 1.17Å. (2B) Overlay of the global fold of DinI
(green) computed byRDC-ANALYTIC with the Model 1 (red) of the reference structure (PDB id:
1ghh). The backbone RMSD is 1.11Å. (3B) The global fold of SpA computed byRDC-ANALYTIC

is overlaid on the Model 1(red) of the reference structure (PDB id: 1q2n). The backbone RMSD is
0.83Å.

and then overlaid the resulting backbone fold on the reference structure (Model
1 of 1q2n), the backbone RMSD was 1.58Å, slightly higher than that from the
first run. We found that when the first two helices (Glu24-Asp36, Ser41-Ala54) are
compared with the reference structure, the backbone RMSD was 0.72Å. Our further
investigation reveals that the N-HN RDCs are missing for Glu8 and Gln9 that define
the first two residues of the helix Glu8-Leu17, which probably lead to somewhat
poor conformation for this helix. We further simulated the Cα -C′ and N-HN RDCs
using 1q2n Model 1. We used the simulated RDCs and computed the global fold
of SpA during the third trial run. When compared with the reference structure, the
backbone RMSD was 0.83̊A.

The above tests on both real NMR data and simulated data demonstrate the ca-
pability of RDC-ANALYTIC to determine high-quality backbone fold. We hope to
apply our algorithm to determine backbone structures from NMR data collected for
larger proteins.
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Fig. 6: Conformations of the helix [Ile23-Lys33] for human Ubiquitin computed byRDC-
ANALYTIC using different sets of RDCs in one medium. The blue backbone is from the X-ray
structure (PDB id: 1ubq). The green backbone uses Cα -Hα and N-HN RDCs, the yellow backbone
uses Cα -C′ and N-HN RDCs, and the red backbone uses Cα -C′ and C′-N RDCs. The backbone
RMSDs with respect to X-ray structure are given in Table 2.

6 Conclusions

In summary, we have developed algorithms for protein structure determination us-
ing residual dipolar couplings collected by solution-state NMR. Our algorithms take
into account different aspects of the structure determination process, such as the time
and cost of NMR data acquisition, the types of NMR data and their information con-
tent, the algorithmic complexity of the problem of extracting the 3D structure, and
the accuracy of the obtained solution. By using RDCs, we reduce the algorithmic
complexity of the structure determination problem to linear time. To reduce the time
and cost of the NMR data acquisition, our methods use sparse RDC data, specifi-
cally, as little as two RDC measurements per residue in a protein. We develop exact
algorithms to compute analytic solutions that optimally fitthe NMR data producing
high quality structures.

The key to our algorithms is the explicit representations ofthe RDC equations
together with the protein kinematics. Geometrically, thisrepresentation results in
algebraic curves on a unit sphere that may or may not intersect, depending on the
type and number of RDC measurements collected for a single internuclear vector in
a residue. Our algorithms find the points on the unit sphere located closest to all of
the algebraic curves exactly. These points correspond to the dihedral angles of the
protein that optimally fit the RDC data.

We have tested our algorithms on real experimental NMR data for several pro-
teins: human ubiquitin, DNA-damage-inducible protein I and the Z domain of
staphylococcal protein A. Previous versions of our algorithms [28] (which were
not exact for as many types of RDC data as the new algorithms presented in this
paper) have been extensively tested on real NMR datasets fordifferent proteins, as
well as used in a prospective study to solve the structure of the FF Domain 2 of hu-
man transcription elongation factor CA150 (PDB id: 2kiq [28]). We plan to do more
extensive experimental tests on different NMR data using the algorithms proposed
in this paper. We also plan to apply our algorithms to solve new protein structures
in our future work.
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