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Abstract Reconfiguring chain-type modular robots has been considered a difficult
problem scaling poorly with increasing numbers of modules. We address the re-
configuration problem for robots in 2D by presenting centralized and decentralized
algorithms based on the Carpenter’s Rule Theorem [5]. The theorem guarantees the
existence of instantaneous collision-free unfolding motions which monotonically
increase the distance between all joint pairs until an open chain is straightened or
a closed chain is convexified. The motions can be found by solving a convex pro-
gram. Compared to the centralized version, the decentralized algorithm utilizes local
proximity sensing and limited communications between subsets of nearby modules.
Because the decentralized version reduces the number of joint pairs considered in
each convex optimization, it is a practical solution when run in parallel for large
numbers of modules.

1 Introduction

Forming shapes from groups of robotic modules is a goal for many Modular Self-
reconfigurable Robots (MSRs) and Self-assembling Structures. Such approaches of-
ten utilize modules with nice space-filling properties, such as cubes [10], rhombic
dodecahedra [23], or right-angle tetrahedra [19]. The modules rearrange themselves
to form shapes that suit the task at hand, whether it is forming practical objects like
a cup or a wrench [23, 9], or forming shapes for the purpose of visualization [8].
In addition to the mechanical issues inherent in building a system that has a desired
shape and bonding mechanisms, research has focused on motion planning for these
modules. The problem in this context is to determine collision-free motions for the
modules to rearrange from an initial configuration to a goal configuration.
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There are three classes of MSRs based on the style of reconfiguration: chain,
lattice, and mobile [22]. Chain reconfiguration involves forming chains of arbitrary
numbers of modules [21, 15] which may break apart, combine into larger chains,
or join face-to-face. This class of reconfiguration involves long chains with up to
n degrees-of-freedom (where n is the number of modules in the system); planning
for chains requires self-collision detection as well as forward and inverse kinematic
computations which scale poorly as n increases. Randomized path planning tech-
niques have been applied to this type of reconfiguration [2, 16]. Lattice reconfigu-
ration involves modules that sit on a lattice while other modules move around each
other to neighboring lattice positions. Moving modules from one location to an-
other has been well-addressed in the literature (the collision detection need only
consider individual modules and forward and inverse kinematics involve one DOF)
[12, 17, 13, 3]. Lastly, mobile reconfiguration uses the environment to maneuver
and has primarily been explored in stochastic fluidic systems [18].

Modules that are permanently connected by joints can be folded to form rela-
tively strong structures, as permanent joints can be made stronger than bonds that
must be able connect and disconnect. Such modules are useful for applications
involving large internal forces, as in the example of the reconfigurable wrench.
Achieving desired mechanical properties for shapes like the wrench is a goal of pro-
grammable matter [24]. While one might suspect that requiring modules to maintain
a permanently connected chain would limit the possible configurations, it has been
shown that any 2D shape can be formed by folding a sufficiently long chain of di-
agonally connected squares [9, 10]. In three dimensions, origami demonstrates the
versatility of permanently connected folded shapes. Robotic folded sheets have been
shown in [11, 9]. Whereas origami uses uncut sheets of flat material, this work fo-
cuses on edge-connected polygons that can be folded into larger structures. Single
chains of modules can be used for folding in the origami sense where the mod-
ules ultimately are located on a lattice, but involve motions from the chain class of
reconfiguration.

2 Preliminaries

2.1 Carpenter’s Rule Theorem and the CDR Algorithm

Consider a linkage of rigid line segments connected at revolute joints to form an
open chain or a closed chain on the plane. The Carpenter’s Rule Theorem states that
every simple open chain can be straightened and every simple closed chain can be
convexified in such a way that the links do not cross or touch [5].

Let p = (pT
1 pT

2 · · · pT
n )

T denote a configuration of a simple chain of n
joints by specifying joint coordinates in the plane, pi = (pix piy)

T . An example
is shown in Fig. 1(a). For open chains, p1 and pn refer to the two unary joints at
the ends. For closed chains, n-joints correspond to n-vertices of the simple n-gon.
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Fig. 1 (a) An open chain of line segments (bars) with 14 joints. Dashed lines represent some of the
struts connected to joint 1. (b) An open chain of rigid bodies. Each base link (black line segment)
has slender adornments except for the last link. For example, when A traverses the adornment
boundary from p4 to p5, the distance between p4 (p5) and A increases (decreases) monotonically.
The distance between p7 (p8) and B, however, does not increase (decrease) monotonically.

The configuration space P is defined as a collection of all such configurations. Thus,
when joints p ∈ P are connected in order, the chain is neither self-touching nor self-
crossing. Note that we will factor out rigid transformations by pinning down a link.

We now summarize the result by Connelly, Demaine, and Rote (The CDR Algo-
rithm) [5]. Assume that none of the joint angles (the smaller of two angles at pi) is π .
Consider the following convex program with respect to v = (vT

1 vT
2 · · · vT

n )
T ,

where vi = (vix viy)
T is the instantaneous velocity of pi.

minimize ∑
i
‖vi‖2 + ∑

{i, j}∈Soriginal

1
(vi−v j) · (pi−p j)−‖p j−pi‖

(1)

subject to (v j−vi) · (p j−pi)> ‖p j−pi‖ , for {i, j} ∈ Soriginal (2)
(v j−vi) · (p j−pi) = 0 , for {i, j} ∈ Boriginal (3)

v1 = v2 = 0 (4)

The set Soriginal of struts is a collection of all joint pairs {i, j} not connected to
the same rigid bar and the set Boriginal of bars contains only joint pairs attached
to the same rigid bar. Since (v j − vi) · (p j − pi) can be related to the time rate of
change of ||p j − pi||, the above formulation asks if one can find an instantaneous
motion where every joint pk moves away from all other joints except for pk−1 and
pk+1, the joints connected to pk by rigid bars. The Carpenter’s Rule Theorem proves
that this convex program always has a feasible solution until any joint angle reaches
π . In other words, the theorem verifies the existence of instantaneous collision-free
unfolding (straightening or convexifying) motions which attempts to increase the
distance between all joint pairs as far as possible. Equation (2) shows that stronger
constraints where we expand struts at a rate of at least unity are also feasible. (Con-
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sider (v j − vi) ·
(p j−pi)

‖p j−pi‖ .) The motion predicted by above formulation is called a
global-scale strictly expansive motion.

Moreover, the solution to Eqns. (1 - 4), f (p), is differentiable in a neighborhood
Q of p, where Q is a collection of configurations around p in which any joint angle
is not π . Thus an unfolding path p(t) can be obtained by solving the dynamical
system, ṗ = v = f (p). Whenever any joint angle reaches π , the two adjacent links
must be merged and a new unfolding path for the modified linkage must be obtained
at that time. Finally, given a configuration pc, we get p(t) : [0,T ]⊂R→ P such that
p(0) = pc and p(T ) = p0, where p0 is the straightened or convexified configuration.

2.2 Slender Adornment

Extending the Carpenter’s Rule Theorem to linkages of rigid bodies requires a guar-
antee of universal foldability. A family of planar shapes referred to in the literature
as having the property of slender adornment [6] provides this guarantee. Slender
adornment is defined such that the distance between each joint and a point moving
along the exterior of the rigid body link changes monotonically. Several examples
are shown in Fig. 1(b).

According to [6], we can regard each slender link as a line segment (base) con-
necting two revolute joints such that the whole chain system can be treated simply
as a mathematical linkage (base linkage) for finding an unfolding path using global-
scale strictly expansive motions.

3 Problem Description and Main Contribution

We shall investigate how to reconfigure a chain-type, modular self-reconfigurable
robot moving on a plane to move between any two shapes while maintaining con-
nections between modules and avoiding collisions. The system can be thought of as
a serial chain (open or closed) of bodies connected by revolute joints.

Specifically, we shall focus on chains of either line segments or cubes (squares
in 2D). The former can abstract many useful systems such as robot manipulators,
and the latter is particularly interesting for its space-filling property which enables
us to represent interesting 2D shapes. As used in the previous section, unfolding
straightens or convexifies complicated shapes while folding “complicates” shapes.
We reconfigure by repeating folding and unfolding.

The main contribution of this paper is the decentralized reconfiguration planning
based on the Carpenter’s Rule Theorem [5, 6]. Compared to the current state-of-the-
art in planning methods, for example, probabilistic algorithms, our algorithms don’t
have to build a roadmap a priori nor do they need specialized parametrization to
handle closed loops [16, 20]. The formalism from Sec. 2 naturally handles closed
loops. For example, in Fig. 1(a), a closed chain can be easily modeled by adding a
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bar between links 1 and 14. The bar is added by adding joint pair {1,14} to Boriginal
and deleting the pair from Soriginal , the set of struts. The need to check a randomly
generated configuration for collisions, often the most costly step for a probabilistic
algorithm, is eliminated. Furthermore, a collision-free path is guaranteed without
needing to consider the specific module shape. Although we focus on two body
types (line segments and cubes), our methods can be readily applied to any slender
body shape. The resulting algorithms are optimal in terms of total angular distance
moved between a nontrivial configuration and the straight configuration for open
chains; every joint angle will change monotonically.

We will mainly discuss unfolding motions. Folding motions are obtained by re-
versing unfolding motions. Thus, unfolding motions can be implemented online,
whereas folding motions have to be computed prior to actuation.

4 Modeling Modular Robot Chains

4.1 Modules

A module is defined as a pair of links connected by a joint. The ith module will have
a joint i, “left” link iL, and “right” link iR (see Fig. 2). Observe that half modules
(including a unary joint) are attached to the ends of an open chain and two modules
are connected rigidly. Sometimes it may be necessary to fix some modules when
their joint angle reaches π during unfolding. By abuse of terminology, the meta
structure will be simply called a linkage where a link can have more than one module
due to fixing. An example is shown in Fig. 2. Additionally, the following definition
will be used when identifying modules.

Fig. 2 A chain-type modular
robot with cube bodies. Each
module is delimited by dashed
lines. The ith module has two
half bodies (iL and iR). If we
assume that the robot is now
unfolding itself, joints 6 and 8
are fixed so there are two long
links p5p7 and p7p9.
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Definition 1. The predecessor of a module i, PR(i), is the closest unfixed module on
the lefthand side of i. Similarly, its successor, SU(i), is defined as the closest unfixed
module on its righthand side. The argument can contain a subscript, L or R. For
example, PR(5) = 4 and PR(5R) = 5 in Fig. 2.
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4.2 Representing Self-touching Shapes

We need to consider how to represent various shapes in a module configuration p.
If there is neither self-crossing between modules (which can be rigid bodies) nor
self-touching between bases (Sec. 2.2), then the shape can be represented using p.
A more interesting application, however, may contain self-touchings between bases
such as filling a region with a cube chain. Assume that the region to be filled is
depicted as a polyomino since we have square pixels. We first construct a spanning
tree of the polyomino (Fig. 3 left) by finding a spanning tree of the graph G = (V,E)
in which we treat each square as a vertex in V and each line segment shared by two
adjacent squares as an edge in E. By dividing the constituent pixels (or squares)
into 4 sub-pixels [10] and connecting diagonals of each smaller pixel we can always
construct a piecewise-linear and simply-connected path which zigzags around the
spanning tree (Fig. 3 center). This path can be thought of as a desired configuration
for the base linkage of a cube chain. This, however, introduces a problem since the
Carpenter’s Rule Theorem does not allow self-touching between bases. We intro-
duce a positive nonzero parameter ε to remove any self-touchings (Fig. 3 right).

ε

Fig. 3 A hexomino resembling a wrench head which is to be filled by an open chain of 24 cubes.
An additional parameter ε was introduced to remove self-touchings.

Other approximation methods may be used to remove self-touching configura-
tions. Such methods, however, imply that the faces of a module in a real prototype
must incorporate a measure of compliance; they cannot be perfectly rigid.

5 Algorithms for Unfolding

5.1 The Centralized Algorithm

We shall directly apply the Carpenter’s Rule theorem and centralized computation to
obtain an unfolding motion. There exists one leader module which gathers position
information from all modules, computes unfolding paths for them, and orders them
to move. Theoretically, the leader module will solve ṗ = f (p), where the righthand
side is the solution to the convex program in Eqns. (1 - 4) for the set A of active
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modules after fixing any modules of joint angle π to make them inactive. Note that
two half-modules at the ends of an open chain (and their unary joint) are assumed
to be active at any time. Recall that f (p) can be integrated to generate a smooth
integral curve until any additional joint angle reaches π (type I cusp). The linkage
is then simplified with one less link by fixing the module at π and a new integral
curve will be attached to the previous one recursively. The centralized algorithm
approximating the analytic integral curve follows in Table 1. An example can be
found in [9].

Table 1 Centralized unfolding algorithm

function CENTRALIZED-UNFOLDING returns unfolding motion
input : pc, an initial configuration to be unfolded

p← pc
while neither straight nor convex do

v← SOLVEGLOBALPROGRAM(p)
ω ← LINEAR2ANGULAR(v)
p←RECONFIGUREROBOT(ω , ∆ t)
if one joint = π then

p← FIXMODULE(p)
end if

end while

SOLVEGLOBALPROGRAM() solves (1 - 4) to find an instantaneous motion. LIN-
EAR2ANGULAR() converts linear velocity vectors v into angular velocities ω . For
example, ω5 can be calculated from v4, v5, and v6 in Fig. 1(a). The current con-
figuration is then updated by applying ω for ∆ t in RECONFIGUREROBOT(). Any
reliable numerical integration algorithm can substitute for these two processes. For
practical purposes, we assume small, finite step size ∆ t, although the theoretical re-
sults hold when the step sizes are infinitesimal. Whenever the ith joint angle reaches
π , the module i will be fixed by simply being eliminated from database and setting
a new bar between PR(i) and SU(i) using FIXMODULE().

5.2 The Decentralized Algorithm

In many cases, it is beneficial to lessen the burden on the leader module. Indeed, a set
of modules in a local neighborhood can be defined through local proximity sensing
and used to formulate a decentralized version of the reconfiguration planning. We
shall show that local proximity sensing can relax the convex program in (1 - 4)
leading to a new problem with fewer constraints. The decentralized algorithm can
then be used to compute desirable infinitesimal motions to be combined to construct
a piecewise smooth unfolding path p(t). Cusps in p(t), however, occur not only
whenever any joint angle reaches π (type I cusp) but also whenever the proximity
relationship changes (type II cusp) as the linkage explores its configuration space.
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5.2.1 Sensor Model

At each joint pi we will attach a proximity sensor with two radii describing con-
centric circles centered at each sensor pi with radius rSR and rSR + δ , respectively.
These two positive parameters will be compared to d(pi, j(·)), the minimal distance
between a sensor at pi and points on module j(·), where the subscript can be L or R,
in order for module i to identify its local neighborhood (Fig. 4(a)). For example, any
j(·) with d(pi, j(·))< rSR will be declared as within i’s neighborhood. Later we will
show the distributed algorithm prevents collisions between module i and its local
neighborhood (Sec. 5.2.2∼5.2.4).
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Fig. 4 (a) Sensor model for a line segment chain. Inner circles and outer circles have radius rSR
and rSR + δ , respectively. Red dashed lines starting from p6 represent {6,1},{6,2} ∈ S(t)6

temp.
Blue dashed lines starting from p6 are {6,4},{6,8} ∈ S(t)6

f ixed . Since module 5 has an empty local
neighborhood, only {5,3},{5,7} ∈ S(t)5

f ixed are defined. (b) Sensor model for a cube chain.

Finally, let module i gather the following information based on hysteretic behav-
ior due to the double sensing boundary.

Definition 2. Ni is a set of half-modules comprising the neighborhood of i. Half-
module j(·) becomes a member of the neighborhood when d(pi, j(·)) ≤ rSR and
will remain a member of the neighborhood until d(pi, j(·)) ≥ rSR + δ . As soon as
d(pi, j(·)) = rSR + δ for any j(·) ∈ Ni, j(·) is no longer a member of the neighbor-
hood.

Intuitively, if i “sees” that half-module j(·) is inside its inner sensing range, i will
track j(·) until it is totally out of sight beyond the outer sensing range.
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5.2.2 Relaxing Constraints and Local Motion

Before formulating a decentralized algorithm, we shall consider here and in Sec.
5.2.3 how to guarantee the existence of an unfolding path under the local proximity
sensing. It is convenient to assume yet again that a central processor is solving the
existence problem until the decentralized version is discussed in Sec. 5.2.4. We shall
begin with line segment chains where rSR can be very small because two mid-link
points of line segment bodies can never collide unless preceded by a joint-joint or
joint-link collision.

Proximity sensors will only be used on active modules because all collisions
are involved with joints. Based on the sensing result at time t, we can define a set
S(t)i

temp of struts as a collection of struts from i to predecessors or successors of its
neighborhood where i ∈ A. The basic idea is to define a set of temporary struts to
address potential collisions when separation distances are below rSR (Fig. 4(a)).

S(t)i
temp = {{i, j}| j ∈ {PR(k(·)), SU(k(·))|∀k(·) ∈ Ni}} (5)

As pi gets farther from PR(k(·)) and SU(k(·)), the distance between pi and any point
on the link connecting PR(k(·)) and SU(k(·)) also increases [5]. This guarantees that
there is no collision involved with joint i. In addition, a fixed set of struts S(t)i

f ixed
is defined (Fig. 4(a)):

S(t) i
f ixed = {{i, PR(PR(i))},{i, SU(SU(i))}} (6)

S(t)i = S(t)i
temp∪S(t)i

f ixed (7)

The struts in S(t)i
f ixed unfold two active modules on either side of i. For example,

{6,4} in Fig. 4(a) is in charge of unfolding module 5. A set B(t)i of bars is:

B(t)i = {{i, PR(i)},{i, SU(i)}} (8)

Note that if B(t)i and S(t)i have common elements, they will be removed from S(t)i.
Now we can relax (1 - 4) using the fact that S(t) =

⋃
i S(t)i ⊂ Soriginal and B(t) =⋃

i B(t)i = Boriginal . Recall that Soriginal is the set of all struts between any two active
modules where one is not a direct predecessor or successor of the other and Boriginal
is the set of all bars between any two successive active modules:

minimize ∑
i∈A
‖vi‖2 + ∑

{i, j}∈S(t)

1
(vi−v j) · (pi−p j)−‖p j−pi‖

(9)

subject to (v j−vi) · (p j−pi)> ‖p j−pi‖ , for {i, j} ∈ S(t)⊂ Soriginal (10)
(v j−vi) · (p j−pi) = 0 , for {i, j} ∈ B(t) = Boriginal (11)

va1 = va2 = 0, a1,a2 are any two successive active modules. (12)

Since the convex program for Soriginal is always feasible, this relaxed convex pro-
gram also has a well-defined solution v at any time. v unfolds every joint in a greedy
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manner (due to S(t) f ixed) and avoids collisions (due to S(t)temp) while maintaining
the rigid constraints in B(t).

Local Motion for a Cube Chain

For a cube chain, rSR cannot be arbitrarily small because two mid-link points can
collide in contrast to the line segment case. In other words, the size of a cube body
determines minimum allowable sensing range. The value can be obtained using sim-
ple geometry in terms of `, the side length (Fig. 4(b)). If d(pi, j(·)) refers to the
minimal distance between sensor pi and module j(·), rSR should satisfy:

rSR > ` (13)

Recalling that a cube can be also treated as a line segment (base), we may want
to make a sensor to detect points on the bases. Then d(pi, j(·)) now refers to the
minimum distance between a joint and a base; a greater sensing range is needed.

rSR > (1+
√

2/2)× ` (14)

As in the case of the line segment chain, only active modules will use their prox-
imity sensors. Since rSR is larger than a module, any collision will happen only
after a sensor detects danger. It is, however, not sufficient to construct S(t)i

temp from
module i which has found some neighborhood since the neighborhood can collide
with other points on links adjacent to i. So, additional struts are needed to prevent
these mid-link collisions. To avoid collision between two links of slender symmetric
adornment like the cube chain, we should try to expand all distances between the
end points of the links provided they are not connected by a bar [4]. This idea can
be readily implemented by defining S(t)i

trans:

S(t)i
trans = {{i, j}| j ∈ {PR(k(·)), SU(k(·))|∀k(·) ∈ NPR(i)∪NSU(i)}} (15)

For example, sensor 5 in Fig. 4(b) will also construct struts {4,99},{4,100} ∈
S(t)4

trans and {7,99},{7,100} ∈ S(t)7
trans in addition to {5,99},{5,100} ∈ S(t)5

temp.
These additional struts guarantee no collision between link p4p5 (or p5p7) and
p99p100. The definitions for other sets are the same except for:

S(t)i = S(t)i
temp∪S(t)i

f ixed ∪S(t)i
trans (16)

We can also obtain the relaxed problem (9 - 12) to get v at any time.

Hybrid System Model

We have shown that there exists an instantaneously safe unfolding motion v in spite
of the relaxation. We shall call it local-scale strictly expansive motion in contrast to
the global-scale strictly expansive motion. Since S(t) changes over time, the vector
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field on the right hand side of ṗ = f (p) changes over time. Thus, we have a set of
all possible vector field F= { f1(p), f2(p), · · ·}, forming a hybrid system, in contrast
to the single vector field f (p) of the original formulation. F corresponds to a set of
all possible combinations of S(t) and B(t) and the domain of fi(p), Ui, can be repre-
sented as an open subset in the configuration space P which satisfies d(pa,b(·))> rSR
for some a,b(·) (they are not in a local neighborhood) and d(ps, t(·)) < rSR + δ for
some s, t(·) (they are in a local neighborhood). The following theorem will be useful
to construct the global solution.

Theorem 1. Each vector field fi(p) in F= { f1(p), f2(p), · · ·} is differentiable with
respect to p in Ui

⋂
Q where Ui is fi(p)’s domain and Q is a collection of configura-

tions around p in which any additional joint angle is not π .

Proof. We only have to check that fi(p) satisfies five conditions from Lemma 7
in [5] which established the smooth dependence of the solution on the problem-
definition data A(p) and b(p) in parametric optimization problems of the type:

min{g(p,v) : v ∈Ω(p)⊆ Rm, A(p)v = b(p)} (17)

Our relaxed problem can be regarded as this type where g(p,v) refers to the objec-
tive function (9) and Ω(p) the feasible set from (10). A(p) and b(p) can be con-
structed from (11) and (12).

1. Is the objective function twice continuously differentiable and strictly convex as
a function of v ∈Ω(p), with a positive definite Hessian, ∀p ∈Ui

⋂
Q ?

The objective function is the sum of quadratic functions and additional smooth
convex terms. Thus it is twice continuously differentiable and strictly convex.

2. Is Ω(p) an open set, ∀p ∈Ui
⋂

Q ?
Ω(p) is open since the inequalities (10) are strict.

3. Are the rows of the constraint matrix A(p) linearly independent, ∀p ∈Ui
⋂

Q ?
Because the equality constraints are the same as the original formulation, this

condition still holds [5].
4. Are A(p), b(p), and ∇g (with respect to v) continuously differentiable in p ∈

Ui
⋂

Q ?
A(p), b(p) are linear. ∇g is also continuously differentiable from the fact in 1.

5. Does the optimum point v∗(p) exist for every p ∈Ui
⋂

Q ?
The relaxed problem is also convex. We can always find a unique solution.

In conclusion, fi(p) satisfies the five conditions establishing the smooth dependence
of fi(p) on p in Ui

⋂
Q . ut

5.2.3 Global Motion with Hysteretic Behavior

We now show how to construct an integral curve (unfolding path) on the configura-
tion space governed by the hybrid system and hysteretic behavior in sensing.
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Theorem 2. Consider the hybrid dynamic system ṗ = v = f(·)(p) where f(·)(p) ∈ F
and assume the hysteretic behavior from Definition 2. There exists a unique integral
curve which represents the unfolding path from given initial configuration pc.

Proof. Given a configuration pc, we can designate a unique vector field until one
of the neighborhood memberships expires or a new membership is issued. In fact,
pc is located strictly inside the domain of the designated vector field since we have
a nonzero margin before a new membership is issued or an existing membership
expires due to the hysteresis.

Recalling from Theorem 1 that each f(·)(p) is differentiable, we can define a
unique maximal integral curve in the domain which cannot be extended beyond a
certain positive limit on time T ≤ ∞ starting from pc. But the integral curve should
reach the boundary of the current vector field (type II cusp) in finite time because of
the finite growth rate (at least unit rate) of the strut constraints in S(t)temp.

As soon as it reaches the boundary, a switching of vector fields occurs and a
unique integral curve will be constructed again exploiting the fact that the switching
point is also located strictly inside new vector field’s domain due to the hysteresis.
This new integral curve will be connected to the existing integral curve, but these
processes will last only finitely until we get to a type I cusp since the struts in
S(t) f ixed are also growing at least with unit rate at any instant. Type I cusps can also
appear only finitely. Therefore we can finish the unfolding in finite time. ut

Hysteresis plays an important role in the above theorem. It guarantees that the
points where vector fields switch are actually located strictly inside new vector
field’s domain. Thus it allows local motion to be always computed by a well-defined
vector field exclusively from F. What would have happened without the hysteresis?

Each vector field in F has repulsive nature in that any integral curve starting from
strict inside of its domain tends to escape the domain by expanding struts which will
change current neighborhood relationship. If there is no hysteretic behavior, in other
words, if δ → 0, this repulsive nature of vector field is very likely to result in sliding
mode [7, 14] on domain boundaries. To describe sliding mode, we need a third vec-
tor field which is different from the two vector fields on either side of the boundary.
This new vector field, however, may not be desired since it is not an element of F in
which every element was proved to generate safe local motions. To be more specific,
the new vector field may not guarantee local expansiveness for collision avoidance
or more than unit rate of strut expansion for convergence and completeness. Thus
the hysteresis is required for the solution to avoid any undesirable sliding mode.

5.2.4 Decentralized Algorithm

Recall that A= {a1,a2, · · · am} is a set of active modules. Without loss of generality,
we can rewrite it as A = {1,2, · · · ,m} since we have been working only with active
modules. We then have m subsystems where each module k is coupled only with
modules in Ik, a set of all modules which appear in S(t)k∪B(t)k∪D(t)k, where D(t)k

is a set of struts which ends at k, for example, {6,1} ∈ D(t)1 in Fig. 4(a). In other
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words, no matter how many active modules there are, we only have to maintain a
limited number of local contacts which can be found using PR(·) and SU(·) pointers.
The pointer functions do not require global information so each module doesn’t need
to have a specific ID. The number of required local contacts for each module has
an constant upper bound particularly for a cube chain since the body shape and
the sensing area are compact on the plane. Compared to the centralized algorithm in
which every active module is coupled with all others, this fact allows us to formulate
a decentralized algorithm by decomposing the relaxed convex program of Eqns. (9
- 12). Assume that each module is equipped with a perfect localizer as before. We
shall designate a reference module to which every localizer should refer. This will
automatically address (12).

First we need some concepts and notations from [1]. A hypergraph can be used
to represent the decomposition structure where the nodes are active modules and
the nets (or hyperedges) are constraints among them. For example, the fact that v6
should be shared by six others (modules 1, 2, 4, 5, 7, and 8) in Fig. 4(a) corresponds
to a net (hyperedge) in the decomposition structure. Let uk ∈ RXk be a collection of
velocity of modules which belong to Ik. If Ik = {m,n,k, p,q}, then an example would
be, uk = (vT

m vT
n vT

k vT
p vT

q )
T ∈ RXk . Let u = (uT

1 uT
2 · · · uT

m)
T ∈ RX ,

X = X1 + · · ·+Xm. We will use the notation (u)i to denote the ith scalar component
of u. The basic strategy is to independently solve for each module k which has a cost
function hk(uk), and constraints uk ∈ Ck, which is a subset of constraints in (10)
and (11) featuring vk, and impose the nets to establish consistency among shared
variables. In terms of u, various components of u should be the same as defined in
a net. This idea can be efficiently represented by introducing a vector z ∈ RY , Y is
the number of nets, which gives the common values to each net by calculating Ez
where E ∈ RX×Y :

Ei j =

{
1 (u)i is in net j
0 otherwise (18)

Lastly, let Ek ∈RXk×Y denote the partitioning of the rows of E into blocks associated
with module k such that uk = Ekz.

Our problem is then to solve a master problem:

minimize
m

∑
k=1

hk(uk) (19)

subject to uk ∈ Ck, k = 1, · · · ,m (20)
uk = Ekz, k = 1, · · · ,m (21)

We will let

hk(uk) = ∑
i∈Ik

‖vi‖2 + ∑
{i, j}∈S(t)k∪D(t)k

1
(vi−v j) · (pi−p j)−‖p j−pi‖

(22)

Note that we have the same set of constraints as the previous formulation since the
union of Ck’s is equal to (10) and (11) and we designated a reference module to
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address (12). The above formulation is, however, different from the previous for-
mulation since the cost function ∑

m
k=1 hk(uk) is different from (9). Still, there is no

problem to apply the results in Sec. 5.2.2 and 5.2.3 since ∑
m
k=1 hk(uk) is just another

weighted sum of terms in (9) which do not affect convexity and differentiability.
We will apply dual decomposition featuring a projected subgradient method [1]

to solve this master problem. Then each active module only solves the following
local problem:

minimize hk(uk)+µT
k uk (23)

subject to uk ∈ Ck (24)

To be more specific, this can be elaborated as:

minimize ∑
i∈Ik

‖vi‖2 + ∑
{i, j}∈S(t)k∪D(t)k

1
(vi−v j) · (pi−p j)−‖p j−pi‖

+µT
k uk (25)

subject to (v j−vi) · (p j−pi)> ‖p j−pi‖ , for {i, j} ∈ S(t)k ∪D(t)k (26)

(v j−vi) · (p j−pi) = 0 , for {i, j} ∈ B(t)k (27)

where µk is the Lagrange multiplier for uk.
Each active module runs the following decentralized algorithm independently.

Table 2 Decentralized unfolding algorithm for an active module k

function DECENTRALIZED-UNFOLDING returns instantaneous unfolding motion uk
input : pIk , position of modules in Ik

µk← 0
while ∆ µk > ε (small positive constant) do

uk← SOLVELOCALPROGRAM(pIk ,µk)
µk← UPDATEPRICES(µk)

end while

SOLVELOCALPROGRAM() solves (25 - 27). To update the Lagrange multiplier
µk in UPDATEPRICES(), a module k has to communicate only locally with others
in Ik. Refer to [1] for details about updating prices. Recall again that each module
finds linear velocity as a result of this computation. Thus each module may need
to be equipped with a synchronized clock to stop above decentralized work, trans-
form linear velocity into angular velocity, and actuate its joint simultaneously. As
mentioned earlier, we need to reverse unfolding motions to get folding motions.

We compared the centralized algorithm (1- 4) to the relaxed problem (9 - 12).
Figure 5 shows that the relaxed problem takes much less time even though some
of its time is allocated to ”non-decentralized” proximity sensing, while other condi-
tions are the same. Thus the fully decentralized implementation, deferred for future
work, is expected to be much faster with less communication.
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1018.15s

5347.80s

Fig. 5 Folding a modular humanoid with movable legs and ankles using the relaxed problem (top)
and centralized computation (bottom). There are 40+ modules. Observe self touchings in arms.
Implementation was done in MATLAB and used cvx. Note that snapshots are rescaled for visibility.

6 Conclusion

This work presented practical algorithms for collision-free reconfiguration planning
for chain-type modular robots. Both the centralized and decentralized versions were
developed using the Carpenter’s Rule Theorem and maintained connections between
modules. The decentralized algorithm will be particularly beneficial as the number
of modules increases since each module (without a unique ID) only has to maintain
a limited number of contacts.

We are interested in testing our algorithms by implementing the sensor model
in a current modular robot system. Although the module shape must satisfy slender
adornment, the pointer functions, PR(·) and SU(·), will be easily implemented using
a neighbor-to-neighbor communication scheme. Additional work remains to further
optimize the algorithms. One promising direction is to use probabilistic planning
algorithms when dealing with more open (nearly straight or convex) configurations,
then reverting to the Carpenter’s Rule Theorem methods when dealing with closely-
packed configurations.
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