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Abstract Pursuit-evasion games have been used for modeling various forms of con-
flict arising between two agents modeled as dynamical systems. Although analyt-
ical solutions of some simple pursuit-evasion games are known, most interesting
instances can only be solved using numerical methods, which require significant
offline computation prohibiting real-time implementations. In this paper, a class of
pursuit-evasion games with separable dynamics is considered. A novel incremen-
tal sampling-based algorithm that computes the open-loop solution to the pursuit-
evasion game is provided. It is shown that the algorithm has probabilistic complete-
ness and soundness guarantees. The computational complexity of the algorithm
is also analyzed. As opposed to many other numerical methods tailored to solve
pursuit-evasion games, incremental sampling-based algorithms offer anytime prop-
erties, which allow their real-time implementations in online settings.

1 Introduction

Pursuit-evasion games have been used for modeling various problems of conflict
arising between two dynamic agents with opposing interests [1, 2]. Some examples
include air combat [3], aircraft landing under wind disturbance [4], and collision
avoidance [5]. According to the classification in [2], in this paper, we study pursuit-
evasion games modeled as deterministic differential games, with perfect informa-
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tion, open-loop information pattern, and separable dynamics. The class of differen-
tial games we study involve two players, a pursuer and an evader, with opposing
interests: the evader is trying to “escape” into a goal set and the pursuer is trying to
prevent the evader from doing so by “capturing” the evader, while both agents are
required to avoid collision with obstacles.

Analytical solutions to certain classes of pursuit-evasion games, e.g., the homi-
cidal chaffeur and the lady in the lake, exist [2]. However, for problems involving
agents with more complex dynamics, or for problems involving complex environ-
ments (e.g., including obstacles, which lead to non-trivial state constraints), existing
analytical techniques do not apply. Such problem instances are generally solved us-
ing numerical methods.

Numerical methods for solving pursuit-evasion games can be grouped into two
categories: direct and indirect methods (see, e.g., [6] for an extensive survey). Direct
methods work with the min-max formulation of the pursuit-evasion game. Similar
to direct methods used for solving optimal control problems, direct methods for
solving pursuit-evasion games first discretize the state and input spaces to reduce
the infinite-dimensional min-max optimization problem to a finite-dimensional one,
then solve the latter using nonlinear programming techniques. For instance, in [7],
the authors decompose a pursuit-evasion game and then apply bilevel programming
to compute the open-loop realization of feedback strategies.

Indirect methods, on the other hand, are based on the principle of dynamic pro-
gramming, which is employed by several numerical methods used for solving opti-
mal control problems. To use indirect methods, one first derives the Hamiltonian of
the differential game, minimizing which gives rise to a certain type of partial differ-
ential equation (PDE), called the Isaacs equation, with boundary conditions. Then,
this boundary value problem can be solved using, e.g., multiple shooting [8,9], col-
location [10, 11], or level-set methods [5, 12].

Although indirect methods offer good accuracy, they generally require careful
initialization of the numerical procedure [8]. Moreover, since the solution proce-
dure requires an analytical derivation of the Isaacs equation, which might include,
e.g., jump conditions, one “must have a deep insight into the physical and math-
ematical nature of the optimization problem”, when using these techniques [11].
Direct methods, on the other hand, do not require a priori derivation of necessary
conditions. However, they are reported to suffer from accuracy problems [11]. Even
though there has been a considerable amount of recent effort to make the aforemen-
tioned numerical methods run in real time, these numerical methods require either
integration of intricate PDEs or sequentially solving nonlinear optimization prob-
lems, which prohibit their real-time implementation.

Several types of pursuit-evasion games have also been studied from an algo-
rithmic perspective. In particular, pursuit games on graphs [13–15] as well as on
polygonal environments [16–18] have received significant attention during the last
decade. Probabilistic pursuit-evasion games have also been proposed to study prob-
abilistic evader models [19]. More recently, in [20], the authors have considered
pursuit-evasion games on timed roadmaps. These approaches typically impose se-
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vere limitations on the allowable agents’ dynamics, e.g., by considering only finite
state spaces.

Based on recent algorithmic advances in incremental sampling-based motion
planning algorithms, we propose a new method for solving a wide class of pursuit-
evasion games. In fact, the pursuit-evasion game we consider is a generalization of
the kinodynamic motion planning problem of finding a dynamically feasible tra-
jectory that takes the agent to a given goal region while avoiding collision with
obstacles [21]. During the last decade, a successful algorithmic approach to this
motion planning problem has been the class of sampling-based methods including,
e.g., Probabilistic RoadMaps (PRMs) [22], which construct a roadmap by connect-
ing randomly-sampled states with dynamically feasible trajectories so as to form a
strong hypothesis of the connectivity of the state space, in particular, the initial state
and the goal region. These methods are probabilistically complete in the sense that
the probability that the algorithm returns a solution, if one exists, converges to one
as the number of samples approach infinity.

Incremental versions of sampling-based motion planning methods were also pro-
posed [23, 24], to address on-line planning problems. In particular, the Rapidly-
exploring Random Tree (RRT) algorithm proposed in [24] has been shown to be
very effective in practice, thanks to its ability to explore rapidly the state space, and
was demonstrated on various platforms in major robotics events (see, e.g., []). Very
recently, optimality properties of incremental sampling-based planning algorithms
were analyzed and it was shown that, under mild technical assumptions, the RRT
algorithm is non-optimal with probability one [25]. In [25], the authors have pro-
posed a new algorithm, called RRT∗, which converges to an optimal solution almost
surely, while incurring essentially the same computational cost as RRT.

In this paper, inspired by incremental sampling-based motion planning methods,
in particular the RRT∗ algorithm, we propose an incremental sampling-based al-
gorithm that solves the pursuit-evasion game with probabilistic guarantees. More
precisely, if evader trajectories that escape to the goal set while avoiding capture
exist, then, then the algorithm will find one with probability approaching one as the
number of samples approach infinity.

Moreover, explicit use of roadmaps allow the algorithms to extend to online set-
tings, i.e., slight changes in the environmental variables, for instance, the location of
obstacles, can be tolerated by slight changes in the roadmap, which incur a relatively
small computational cost.

These properties, similar those possessed by the incremental sampling-based mo-
tion planning algorithms such as RRT and RRT∗ make our algorithms amenable to
real-time implementation. To the best of authors’ knowledge, this algorithm consti-
tutes the first algorithmic approach with an anytime property or a sampling-based
nature to numerically solve a wide class of pursuit-evasion games.

The paper is organized as follows. Section 2 discusses the problem definition.
Section 3 is devoted to introducing the algorithms. The algorithm is shown to be
probabilistically complete in Section 4, where the computational complexity of the
algorithm is also analyzed. Simulation examples are provided in Section 5. The
paper is concluded with remarks in Section 6.
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2 Problem Definition

A pursuit-evasion game is a two-player zero-sum differential game, in which one of
the players, called the evader, tries to escape into a goal set, while the second player,
called the pursuer, tries the capture the evader before it reaches the goal set.

More formally, consider a time-invariant dynamical system

d
dt

x(t) = f
(
x(t),ue(t),up(t)

)
, (1)

where x : t 7→ x(t) ∈ X ⊂Rd is the state trajectory, ue : t 7→ ue(t) ∈Ue is the evader’s
control input, up : t 7→ up(t) ∈Up is the pursuer’s control input (both control inputs
are assumed to be measurable), and f : X ×Ue×Up is a locally Lipschitz function.
Consider also an obstacle set Xobs, a goal set Xgoal, and a capture set Xcapt; these are
all assumed to be closed subsets of X ; furthermore, Xgoal and Xcapt are assumed to
have a non-empty interior.

Given an initial condition x(0)∈ X \Xobs and the control inputs of the evader and
the pursuer, a unique state trajectory can be computed. The final time of the game is
given by T = inf{t ∈ R≥0 : x(t) ∈ cl

(
Xgoal∪Xcapt

)
}. Since this is a zero-sum game,

only one objective function will be considered, of the form

L(ue,up) =
{

T, if x(T ) ∈ Xgoal,
+∞ otherwise.

The evader will attempt to reach the goal in minimum time, and the pursuer will
attempt to capture the evader before it reaches the goal.

In general, solution of the differential games are given in terms of strategies de-
pending on the available information patterns (e.g., state feedback). In this paper,
optimal open-loop strategies for the evader will be considered, i.e., solutions to the
following problem will be sought:

T ∗ = minue maxup L(ue,up),

s.t.:
d
dt

x(t) = f (x(t),ue(t),up(t)), ∀t ∈ [0,T ],

x(t) /∈ Xobs, ∀t ∈ [0,T ],

x(0) = xinit.
T = inf{t ∈ R≥0 : x(t) ∈ cl

(
Xgoal∪Xcapt

)
}

(2)

An algorithm for the optimal open-loop pursuit-evasion problem (2) is sound if it
returns a control input u′e such that maxup L(u′e,up), subject to the constraints in (2),
is finite. An algorithm is complete if it terminates in finite time returning a solution
u′e as above if one exists, and returns failure otherwise.

Open-loop strategies computed for the evader in this way would be conservative,
in the sense that they correspond to trajectories that would allow escape without any
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additional information on the pursuer other than the initial condition. Should other
information become available, the time needed to reach the goal set can be fur-
ther reduced. On the other hand, should (2) be infeasible, there may exist feedback
strategies that would allow the evader to escape while avoiding capture.

In this paper, a class of pursuit-evasion problem is considered, which possess
a separable structure, in the following sense. It is assumed that the state can be
partitioned as x = (xe,xp), where xe ∈ Xe ⊂ Rde and xp ∈ Xp ⊂ Rdp , the obstacle set
can be similarly partitioned as Xobs = Xobs,e×Xobs,p, where Xobs,e ⊂ Xe, Xobs,p ⊂ Xp,
and the dynamics are decoupled as follows:

d
dt

x(t) =
d
dt

[
xe(t)
xp(t)

]
= f (x(t),u(t)) =

[
fe (xe(t),ue(t))
fp (xp(t),up(t))

]
, for all t ∈ R≥0, (3)

We further assume that the initial condition is an equilibrium state for the pursuer,
i.e., there exists u′p ∈Up such that fp(xinit,p,u′p) = 0.

Notice that the pursuer can be used to naturally model moving obstacles, both
when the trajectories of the obstacles are known and also when they are a priori un-
known, which have received a large amount attention in the motion planning com-
munity (see, e.g., [23,26–32]). Let us note that, even when the number of degrees of
freedom of the robot is fixed, the motion planning problem with moving obstacles is
NP-hard, whenever the robot has bounds on its velocities. In fact, a most basic ver-
sion of this problem, called the 2-d asteroid avoidance problem, i.e., the problem of
finding a collision free trajectory for a point robot with bounds on the magnitude of
its velocity moving in a plane among moving (without rotating) convex polygonal
obstacles, is NP-hard, even when the trajectories of the obstacles are known [33]. In
the three-dimensional space, the problem is PSPACE-hard if the obstacles are also
rotating and NP-hard even when there are no velocity bounds [26]. These complex-
ity results strongly suggest that Problem (2), which generalizes the motion planning
problem among moving obstacles, is considerably harder than the classical motion
planning problem from a computational point of view.

The discussion above also suggests that complete algorithms aimed to solve
Problem (2) will require exceedingly complex computations, prohibiting real-time
implementation. To overcome this difficulty, we study randomized algorithms,
which run in an iterative fashion. Such an algorithm is said to be probabilistically
sound if the probability that the returned control input satisfies the constraints con-
verges to one as the as the number of iterations approaches infinity. Similarly, it is
said probabilistically complete, if the probability that it returns a solution, if one
exists, converges to one as the number of iterations approaches infinity. In this pa-
per, we propose a computationally efficient probabilistically sound and complete
algorithm to solve Problem (2).
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3 Algorithm

In this section, a probabilistically complete algorithm that solves Problem (2) is
introduced. This algorithm is closely related to the RRT∗ algorithm, which was re-
cently introduced in [25]. The RRT∗ algorithm is an incremental sampling-based
algorithm with the asymptotic optimality property, i.e., almost-sure convergence to
optimal trajectories, which the RRT algorithm lacks [25]. In fact, it is precisely the
asymptotic optimality property of the RRT∗ that allows us to cope with the pursuit-
evasion games introduced in the previous section.

Before formalizing the algorithms, some primitive procedures that the algorithms
rely on are presented below. Let α ∈ {e,p} denote either the evader or the pursuer.

Sampling: The sampling procedure Sampleα : N→ Xα returns independent and
identically distributed samples from Xα . To simplify the arguments, we assume that
the sampling distribution is uniform, even though our results hold for any absolutely
continuous sampling distribution.

Nearest Neighbor: Given a tree G = (V,E) on Xα and a state z ∈ Xα , the proce-
dure Nearestα(G,z) returns the vertex v∈V that is closest to z. Again, for simplic-
ity, we consider Euclidean distance as the nearest neighbor heuristic, i.e.,

Nearestα(G,z) = argmin
v∈V
‖z− v‖.

Nearby Vertices: Given a tree G = (V,E) on Xα , a state z ∈ Xα , and a number
n ∈N, the Nearα(G,z,n) procedure returns all the vertices in V that are sufficiently
close to z, within a distance threshold parameterized by n. More precisely, we define
Nearα as

Nearα(G,z,n) =
{

v ∈V
∣∣∣ζdα
‖z− v‖dα ≤ γα

logn
n

}
,

where ζdα
is the volume of the unit ball in Rdα . That is, the Nearα procedure returns

all the vertices that lie inside the ball of volume γα
logn

n centered at z.
Collision Check: Given a state trajectory x : [0,T ]→ Xα , the ObstacleFreeα(x)

procedure returns true if and only if x lies entirely in the obstacle-free space, i.e., for
all t ∈ [0,T ], we have that x(t) /∈ Xobs,α holds.

Local Steering: Given two states z1,z2 ∈ Xα , the Steerα(z1,z2) procedure re-
turns a trajectory xα : [0, t ′]→ Xα , an input uα : [0, t ′]→Uα , and the time t ′ such
that d

dt xα = fα(xα ,uα), x(0) = z1, and x(t ′) is “close” to z2.
For a particular node v in the tree, let xv be the unique trajectory that starts from

the root node and reaches v along edges in the tree. Let us denote the time that xv
reaches v as Time(v); given a state trajectory x : [0, t ′]→ X , let us denote the ending
time t ′ with c(x).

If the pursuer is inactive (e.g., it is not moving), the pursuit-evasion problem
(2) reduces to a standard time-optimal kinodynamic motion planning problem. The
RRT∗ algorithm that solves this problem is presented in Algorithm 1. Notice that
the RRT∗ algorithm proceeds similar to other incremental sampling-based motion
planning methods (e.g., the RRT) by first sampling a state a from the obstacle-free
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space (Line 4) and then extending the tree towards this sample (Line 5). The exten-
sion procedure of the RRT∗, presented in Algorithm 2, first extends the node closest
to the sample; if the extension is collision-free, then the end point of the extension,
say znew, is added to the tree as a new node (Lines 2-4), similar to an RRT. However,
RRT∗ Extendα procedure differs from others in that it connects the new node znew
to the node that lies within a ball of volume order logn

n centered at znew and incurs
the smallest cost to reach znew with a collision-free trajectory (Lines 9-13). More-
over, the RRT∗ Extendα procedure extends znew back to the nodes in the tree that
are within the ball of same size centered at znew; if the extension to such a node, say
znear, results in a collision-free trajectory that reaches znear with smaller cost, then
tree is “rewired” by connecting znear to znew, instead of its current parent (Lines 14 -
19).

Notice that the extend procedure of the RRT∗ algorithm calls the Nearα proce-
dure with parameter |V |, i.e., the number of vertices in the tree. Hence, for determin-
ing the parent to the extended node as well as for rewiring, the nodes returned by the
Near procedure are exactly those that lie within a ball of volume γ

log |V |
|V | centered

at znew. This particular rate that the ball shrinks provides the RRT∗ algorithm with
computational efficiency and asymptotic optimality at the same time [25].

Algorithm 1: The RRT∗ Algorithm
Ve←{zinit}; Ee← /0; i← 0;1
while i < N do2

Ge← (Ve,Ee);3
ze,rand← Samplee(i); i← i+1;4

(Ve,Ee,ze,new)← Extende(Ge,ze,rand);5

To introduce the incremental sampling-based algorithm that solves the pursuit-
evasion problem, let us note the following extra primitive procedures.

Near-Capture Vertices: The NearCapureα procedure works very similar to the
Nearα procedure. Given a tree G = (V,E), a state z ∈ Xα , and a number n, the
NearCaptureα(G,z,n) procedure returns all vertices z′ that are “close” to being
captured from z. In other words, and assuming α = p for simplicity, let Cz : {z′ ∈
Xe : (z′,z) ∈ Xcapt}. Then

NearCapturep(G,z,n) =
{

v ∈V
∣∣∣ζdp min

y∈Cz
‖v− y‖dp ≤ γp

logn
n

}
.

Remove: Given a graph G = (V,E) on Xα , and a node z ∈ V , the procedure
Remove(G,z) removes the node z and all its descendants from the tree, together
with all the incident edges.

Recall that Time(v), where v ∈V , denotes the time that the unique trajectory that
starts from the root note of the tree and reaches node v along the tree edges.
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Algorithm 2: Extendα(G,z)
V ′←V ; E ′← E;1
znearest← Nearestα (G,z);2
(xnew,unew,Tnew)← Steerα (znearest,z);3
znew← xnew(Tnew);4
if ObstacleFreeα (xnew) then5

V ′ := V ′∪{znew};6
zmin← znearest;7
Znearby← Nearα (G,znew, |V |);8
for all znear ∈ Znearby do9

(xnear,unear,Tnear)← Steerα (znear,znew);10
if ObstacleFreeα (xnear) and xnear(Tnear) = znew then11

if Time(znear)+ c(xnear) < Time(znew) then12
zmin← znear;13

E ′← E ′∪{(zmin,znew)};14
for all znear ∈ Znearby \{zmin} do15

(xnear,unear,Tnear)← Steerα (znew,znear);16
if xnear(Tnear) = znear and ObstacleFreeα (xnear) and17
Time(znear) > Time(znew)+ c(xnear) then

zparent← Parent(znear);18
E ′← E ′ \{(zparent,znear)}; E ′← E ′∪{(znew,znear)};19

else20
znew = NULL;21

return G′ = (V ′,E ′,znew)22

The algorithm that is tailored to solve Problem (2) is given in Algorithm 3. The
algorithm maintains two tree structures: the evader tree Ge and the pursuer tree Gp.

At each iteration, the algorithm first samples a state, ze,rand, in the evader’s state-
space (Line 4) and extends the evader tree towards ze,rand (Line 5). If the extension
produces a new node ze,new (Line 6), then the algorithm checks whether the time that
the evader reaches ze,new is less than that at which the pursuer reaches any pursuer
node within a certain distance to ze,new (Lines 7-10). If this condition does not hold,
then ze,new is removed from evader’s tree (Line 10).

Second, the algorithm samples a new state, zp,rand, in the pursuer state space
(Line 11) and extends the pursuer’s tree towards zp,rand (Line 12). If this exten-
sion successfully produces a new node, zp,new (Line 13), then the algorithm checks
whether the evader can reach all the evader nodes that lie within a certain distance to
zp,new in less time than the pursuer can reach zp,new (Lines 14-17). Any evader node
that is within a certain distance to zp,new and that does not satisfy this requirement is
removed from the tree with its descendants (Line 17).

The algorithm returns two trees, namely Ge and Gp. From the evader’s tree Ge,
the trajectory that reaches Xgoal in minimum time (if one exists) is the solution can-
didate after N iterations.
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Algorithm 3: Pursuit-Evasion Algorithm
Ve←{xe,init}; Ee← /0; Vp←{xp,init}; Ep← /0; i← 0;1
while i < N do2

Ge← (Ve,Ee); Gp← (Vp,Ep);3
ze,rand← Samplee(i);4

(Ve,Ee,ze,new)← Extende(Ge,ze,rand);5
if ze,new 6= NULL then6

Zp,near← NearCapturee(Gp,ze,new, |Vp|);7

for all zp,near ∈ ZP,near do8

if Time(zp,near)≤ Time(ze,new) then9

Remove(Ge,ze,new);10

zp← Samplep(i);11

(Vp,Ep,zp,new)← Extendp(Gp,zp,rand) ;12

if zp,new 6= NULL then13

Ze,near← NearCapturep(Ge,zp,new, |Ve|);14

for all ze,near ∈ Ze,near do15

if Time(zp,new)≤ Time(ze,near) then16

Remove(Ge,ze,near);17

i← i+1;18

return Ge, Gp19

4 Analysis

In this section, theoretical guarantees of the algorithm are briefly outlined. Due to
lack of space, detailed proofs of the results are left to a full version of this paper.

4.1 Probabilistic Completeness

In this section, completeness properties of the algorithm are pointed out. Let us note
the following technical assumptions, which we will assume throughout this section
without reference. Firstly, it is assumed that the dynamical systems modeling the
evader and the pursuer independently satisfy local controllability properties, and the
steering procedure is assumed to be generate time-optimal trajectories in a small
neighborhood of any state. A formal statement of these assumptions, which we omit
due to lack of space, can be found in [34]. Secondly, we will assume that there exists
a set of solutions to Problem (2), such that if the evader can reach the goal region
while avoiding capture, then there exists a set of such evader trajectories, each of
which can be slightly perturbed almost everywhere while avoiding capture.
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First, let us note the following lemma stating the optimality property of the RRT∗

algorithm (Algorithm 1) when used to solve the time-optimal kinodynamic motion
planning problem. Let G[i] denote the tree maintained by the RRT∗ algorithm at the
end of iteration i. Let z ∈ X \Xobs be a state in the obstacle-free space and T ∗ denote
the time that an time-optimal collision-free trajectory reaches z. Let zi denote the
node nearest to z in the tree maintained by the RRT∗ algorithm at iteration i, i.e.,
zi := Nearest(G[i],z). Let xi be the unique trajectory that starts from the root node
and reaches zi in Gi. Finally, let Ti denote the time that xi reaches zi. The following
is a restatement of the main result in [25]:

Theorem 1 (Asymptotic Optimality of RRT∗). The random variable Ti converges
to T ∗ almost surely as i approaches infinity, for any z ∈ X \Xobs, whenever γα >
2dα (1 + 1/dα)µ(Xα \Xobs,α), for α ∈ {e,p}, where µ is a function returning the
volume of a subset of the Euclidean space.

Under the conditions of Theorem 1, the following three lemmas can be shown.

Lemma 1 (Probabilistic Soundness). Let ue[i] : [0,T ]→Ue be the control input (if
it exists) that is in evader’s tree at the end of iteration i and reaches the goal set in
minimum time. Then, the probability that ue[i] avoids capture for t ∈ [0,T ], for any
pursuer’s control input, approaches one as i approaches infinity.

Proof (Sketch): Let us denote the subset of the evader’s state space that the pur-
suer can capture within time t with W ∗(t). Let Wi(t) denote the subset of the
evader’s state space that the pursuer can capture within time t from the vertices
in the pursuer tree at the i-th iteration: using the notation introduced in defining
the NearCapture procedure, Wi(t) = ∪z∈Vp,Time(z)≤tCz. Clearly, Wi(t) is an under-
approximation of W ∗(t), i.e., Wi(t)⊆W ∗(t), for all t ∈ R≥0 and for all i. Assuming
that the capture set has non-zero measure, a consequence of Lemma 1 is that Wi(t)
approaches W ∗(t) almost surely as i approaches infinity. More precisely, for any
fixed t, the volume of the difference W ∗(t) \Wi(t), vanishes with probability one,
i.e., P({limi→∞ µ(W ∗(t) \Wi(t)) = 0}) = 1, where µ(·) denotes the volume of a
set in the Euclidean space. Let xe[i] : [0,Ti]→ Xe be the state trajectory that is in
evader’s tree and that reaches the goal region in in minimum time, at the end of
iteration i. Note that, for all t ∈ [0,Ti], and for i large enough, xe[i](t) will not lie in
Wi(t) by construction (otherwise, the one of the neighboring nodes would have been
deleted). If there exists a pursuer state trajectory xp that captures xe[i], i.e., there
exists t ∈ [0,Ti] such that (xe(t),xp(t)) ∈ Xcapt, then xe must include a node that lies
in W ∗(t)\Wi(t) for some t ∈ [0,Ti]. Note, however, that the probability of this event
happening vanishes as i approaches infinity, since µ(W ∗ \Wi) approaches zero with
probability one. Hence, the lemma follows.

Lemma 2 (Probabilistic Completeness). The probability that evader’s tree in-
cludes a control input ue : [0,T ]→ Ue such that the evader reaches the goal set
approaches one as the number of iterations approaches infinity.

Lemma 3 (Asymptotic Optimality). Let T ∗ denote the time that a trajectory that
solves Problem (2) reaches the goal region. Let Ti denote the time that the minimum-
time trajectory in evader’s tree reaches the goal region at the end of iteration i; Ti
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is infinity if no trajectory that reaches the goal region exists in the evader’s tree at
iteration i. Then, Ti converges to T ∗ almost surely.

4.2 Computational Complexity

This section is devoted to a discussion on computational complexity of the algo-
rithm. Let Ni denote the total number of nodes in evader’s and pursuer’s trees at
the end of iteration i. Note that Ni is a random variable. Let Mi denote the total
number of steps, i.e., addition, multiplication, addition operations executed by the
ExtendRRT∗ procedure given in Algorithm 2 at iteration i of Algorithm 3. Following
the discussion in [25], it can be shown that

limsup
i→∞

Mi

logNi
≤ φ ,

i.e., Mi scales logarithmically with the total number of nodes in evader’s and pur-
suer’s trees. Similarly, it can be shown that calls to the NearCapture procedure in
Lines 7 and 14 returns an expected number of logNi nodes at iteration i. Hence, at
a given iteration, the number of nodes removed from the evader’s tree (see Lines 10
and 17) scales logarithmically with the total number of nodes in both trees. To sum-
marize, in each iteration Algorithm 3 executes no more than an expected number
of order logNi number of steps and removes at most an expected number of order
logNi nodes from the evader’s tree.

5 Simulation Examples

In this section, two simulation examples are presented. In the first example, an
evader modeled as a single integrator with velocity bounds is trying to reach a goal
set, while avoiding capture by three pursuers, each of which is modeled as a single
integrator with different velocity bounds. All the pursuers can be treated as a single
pursuer in the mathematical framework described above. More precisely, the differ-
ential equation describing the dynamics of the evader can be written as follows:

d
dt

xe(t) =
d
dt

[
xe,1(t)
xe,2(t)

]
= ue(t) =

[
ue,1(t)
ue,2(t)

]
,

where max{|ue,1(t)|, |ue,2(t)|} ≤ 1. The dynamics of the pursuer is written as fol-
lows:
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d
dt

xp(T ) =
d
dt



xp1,1(t)
xp1,2(t)
xp2,1(t)
xp2,2(t)
xp3,1(t)
xp3,2(t)


= up(t) =



up1,1(t)
up1,2(t)
up2,1(t)
up2,2(t)
up3,1(t)
up3,2(t)


,

where max
{
|up1,1|, |up1,2|

}
≤ 1 and max

{
|upk,1|, |upk,2|

}
≤ 0.5 for k ∈ {1,2}.

First a scenario that involves an environment with no obstacles is considered.
Evader’s trajectory is shown in Figures 1(a)-1(d) in several stages of the algorithm.
Notice that the algorithm quickly identifies an approximate solution that reaches
the goal and stays away from the pursuers. In the later stages of the algorithm the
solution is improved to a trajectory that is guaranteed to avoid capture by one of
the pursuers with a higher probability. Notice that the final trajectory shown in Fig-
ure 1(d) goes towards the goal region but takes a slight turn to avoid capture. The
same scenario is considered in an environment involving obstacles and the evader’s
tree is shown in different stages in Figure 2(a)-2(d). Notice that the evader may
choose to “hide behind the obstacles” to avoid the pursuers. Observe that certain
parts of the state space that are not reachable by the evader are reachable when
there are obstacles and vice versa. Hence, the figure demonstrates that solution to
a pursuit-evasion game in a structured environment such as one involving obstacles
can be significantly different when there are no obstacles.

In the second example, the pursuer and the evader have simplified dynamics of
an airplane, which is modeled as a dubins vehicle on the plane is augmented by a
double integrator in altitude. Formally, the differential equation describing dynamics
of the evader is given as follows.

d
dt

xe(t) =
d
dt


xe,1(t)
xe,2(t)
xe,3(t)
xe,4(t)
xe,5(t)

= ue(t) =


ve cos

(
xe,3(t)

)
ve sin

(
xe,3(t)

)
0

xe,5(t)
0

+


0
0

ue,1(t)
0

ue,2(t)

 ,

where ve = 0, |ue,1(t)| ≤ 1 and |ue,2(t)| ≤ 1. Note that vE denotes the longitudinal
velocity of the airplane, ue,1 denotes the steering input, and ue,2 denotes the altitude
input. The pursuer dynamics is the same, except the pursuer moves with half speed,
i.e., vp = 0.5 and |up,2| ≤ 0.5.

A scenario in which the evaders starts in front of the pursuer and tries to get to
a region that is behind the pursuer in an environment including obstacles is con-
sidered. The algorithm is run for 3000 iterations and the resulting tree is shown in
Figure 3, which also shows the initial position of the pursuer and the evader as well
as the obstacles. Notice that the evader trajectory found by the algorithm quickly
reaches an altitude, which the pursuer can not reach as fast, and then reaches the
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Fig. 1 The evader trajectory is shown in an environment with no obstacles at the end of 500, 3000,
5000, and 10000 iterations in Figures (a), (b), (c), and (d), respectively. The goal region is shown
in magenta. Evader’s initial condition is shown in yellow and the pursuers’ initial conditions are
shown in black. The first pursuer, P1, which can achieve the same speed that the evader can achieve,
is located in top left of the figure. Other two pursuers can achieve only half the evader’s speed.

goal region by flying above the pursuer. Notice also that the evader tree reaches
many points in the state-space, which the pursuer can not reach due to the obstacles.

The simulation examples were solved on a laptop computer equipped with a
2.33 GHz processor running the Linux operating system. The algorithm was imple-
mented in the C programming language. The first example took around 3 seconds
to compute, whereas the second scenario took around 20 seconds.
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Fig. 2 The scenario in Figure 1 is run in an environment with obstacles.

6 Conclusions

In this paper, a class of pursuit-evasion games, which generalizes a broad class of
motion planning problems with dynamic obstacles, is considered. A computation-
ally efficient incremental sampling-based algorithm that solves this problem with
probabilistic guarantees is provided. The algorithm is also evaluated with simula-
tion examples. To the best of authors’ knowledge this algorithm constitutes the first
sampling-based algorithm as well as the first anytime algorithm for solving pursuit-
evasion games. The anytime flavor of the algorithm provides significant advantage
for real-time implementation when compared to other numerical methods.
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Fig. 3 Evader’s tree is shown at the end of 3000 iterations. The evader is shown in yellow and
the pursuer is shown in black. The obstacles are shown in red whereas the goal region is shown in
green. The evader’s trajectory that reaches the goal region is highlighted in dark grey.
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